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Amnoraiiis

Martin-Lof Type Theory (MLTT-75), a foundational system for
constructive mathematics and programming, can be elegantly formali-
zed using the categorical framework of Categories with Families (CwF),
as introduced by Peter Dybjer. This article presents MLTT-75 through
the lens of CwkFs, defining its syntax as an initial model within a
category of models. We outline the core components of the CwF structure,
including contexts, types, substitutions, and terms, and illustrate key
type formers such as TI-types, Z-types, and universes. Drawing on the
algebraic signature from recent formalizations, we provide a concise yet
rigorous exposition suitable for researchers and students of type theory
and category theory.
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1 Categories with Families

Martin-Lof Type Theory, particularly its 1975 formulation (MLTT-75), is a
dependent type theory that serves as a foundation for proof assistants like Agda
and Coq. Categories with Families, introduced by Dybjer [I], offer a categori-
cal semantics for dependent type theories, modeling contexts as objects, types
as presheaves, and terms as sections. This framework captures the algebraic
structure of MLTT-75, where the syntax is the initial model in a category of
models, and morphisms are structure-preserving maps.

This article formalizes MLTT-75 using CwkFs, focusing on its algebraic si-
gnature and key type formers. We assume familiarity with basic category theory
and type theory, referencing the comprehensive formalization in [2] for technical
details.

A Category with Families consists of a category of contexts and substituti-
ons, equipped with presheaves of types and terms, satisfying specific structural
properties. Formally, a CwF for MLTT-75 includes:

e Contexts (C): A category where objects (I;A) represent contexts
(sequences of typed variables), and morphisms (o : ' — A) represent
substitutions.

e Types (Ty): A presheaf Ty : C°P — Set, where Ty(I") is the set of types
in context I', and for 0 : ' — A, Ty(0) : Ty(A) — Ty(T') denotes type
substitution.

e Terms (Tm): For each type A € Ty(TI'), a set Tm(I;A) of terms, with a
substitution action Tm(l; A) — Tm(l; Alo]) for o: T — A.

e Structural Rules: Identity substitutions (id : ' — T'), composition of
substitutions (008), and equations like associativity ((cod)ov = go(dov)).

The syntax of MLTT-75 is the initial CwF, generated by its algebraic si-
gnature, which includes type formers and their equations.

1.1 Busxnauenusa

Definition 1 (Fam). Kareropizs Fam — me kareropis cimeit MHOXKUH, €
00’ekTH € 3ajekHUMH (QyHKIIOHATBLHUMH mpocropamu (x : A) — B(x), a
Mopdizmu 3 momenom IT(A,B) i komomenom TT(A’,B’) — me mapm dynxmiit
(f:A— A’ g(x:A):B(x) — B'(f(x))).

Definition 2 (TT-noxignicrs). dms korrekery I' i tuny A nosmaummo ' A =
(v:T) = Aly).

Definition 3 (Z-oxomrenns). Insa konrekery I' i tumy A maemo A = (v :
") % A(y). OxXomieHHs He € aCOIlaTUBHUM:

INA;B #T;B A



Definition 4 (Konrekcr). Kareropis koarekcrie C — ne kareropist, 1e 06’ektu
€ KOHTeKCTaMu, a MopdizMu — mijcranoBkamu. Tepminasbauii 06’ekr ' =0 y
C HasuMBaeThCsa MOPOKHIM KoHTeKcTOM. OTiepallisi OXOIIeHHsT KOHTeKeTy [ A =
(x : T) % A(x) mae eximinaropu: p: AT, q: T A F A(p), 10 38/10BOJIbHAIOTH
VHIBepCaIbHy BJIACTHBICTB: g Oyab-axkoro A : ob(C), mopdismy v : A — T
i repmy a: A — A icuye equnmii Mmopdizm 0 = (y,a) : A — T A, Takuii mo
poB =v1q(0) =a. TeepmkeHHs: miJICTAHOBKA € acCOIIaTHBHOO:

’Y(’Y(I-;X) a)JJ»b) = Y(Y(Ry»b))xy Cl)

Definition 5 (CwF-o6’ekt). CwF-06’¢kr — me mapa X(C,C — Fam),
ne C — kareropis KOHTEKCTIB 3 00’€KTaMu-KOHTEKCTaMu Ta Mopdizmamm-
migcranoBkamu, a I : C — Fam — dyukrop, axuit Bigobpaxkae kourtexct I
y C Ha ciMm’'to mHOXKHH TepMmiB I F A a mizcranoBky v : A — ' — Ha mapy
bYHKIIIH, [0 BUKOHYIOTH IIJICTAHOBKY Y y TEPMaX 1 THUIAX BiIIIOBIIHO.

Definition 6 (CwF-mopdism). Hexait (C,T) : ob(C), ne T : C — Fam. CwF-
mopdism m: (C,T) = (C,T') —ume mapa (F: C = C';o: T — T/(F)), ne F —
dbyHKTOpP, 8 0 — HaTypaJbHa TpaHcHOpPMAITis.

Definition 7 (Kareropisa tuuis). Tua CwF 3 o6’ekramu (C, T) 1 mopdizmanmu
(C,T) — (C',T"), ana samanoro kourekcry I € Ob(C) moxna mobymysaTn
kareropito Type(I') — kareropito Tumis y kourekcri I, e 06’€KTH — MHOXKHMHA
THIIB y KOHTEKCTI, & Mopdismu — dyukmii f: ;A — B(p).

Definition 8 (Tepmu Ta tunn). Y CwF st kourekery I' tepyu I'H a @ A €
enemenTamu MHOXKUHA A(Y), me v : . Tumu I' F A e ob’ekramu B Type(T), a
migcraHoBka Y : A — ' mie Ha Tunm Ta Tepmu uepe3 GyHKTOP T.

Definition 9 (3asuexni Tunu). 3anexxuuii Tun y koHrekeri ' — 1e Bijjobparke-
mug ' — Fam, ge ma koxkuoro v : ' 3amaerbest muoxkuna A(y). Y kareropil
Type(I") samexni Tunu € o6’ekramu, a mMopdismu mixk A i B — me dynkiil
f:T;A — B(p), uro 36epiratorh CTpyKTYpy MiJICTAHOBOK.

Martin-Lof Type Theory (MLTT-75) is a dependent type theory with TI-
types, I-types, Id-types, and additional type formers like T, universe types
(U), and Bool. Its categorical semantics can be modeled using Categories with
Families (CwF), a framework designed to capture contexts, types, terms, and
context extension in a unified way [3, ?]. Unlike Grothendieck fibrations or
comprehension categories, CwFs use a presheaf of families to represent types
and terms, with context comprehension for type dependency. We formalize a
CwF model for MLTT-75 in Agda, supporting all specified type formers, based
on [3]. Pullback diagrams, styled after Awodey’s natural models [6], illustrate
the type formers, with constructors on upper arrows and type formers on lower
arrows.

A Category with Families (CwF) models dependent type theory by assigning
types and terms to contexts, with context comprehension for type dependency.



Definition 10 (Category with Families). A Category with Families (CwF)
consists of:

e A category C with a terminal object 1 € C.Ob.

e A presheaf Ty : C°P — Set, assigning to each ' € C.Ob a set Ty(I") of
types, and to each ¢ : A — T" a function o* : Ty(I') — Ty(A), preserving
identities and composition.

e For each T' € C.Ob and A € Ty(I'), a set Tm(I;A) of terms, with rei-
ndexing: for 0 : A — T, a function Tm([;A) — Tm(A, 0*A), preserving
identities and composition.

e For each ' € C.Ob and A € Ty(I'), a context comprehension consisting of:

— An object A € C.ODb.
— A projection morphism pa : A — T.
— A universal term qa € Tm(NA,p3 A).

— For any A € C.Ob, 0 : A = T, and t € Tm(A, c*A), there exists a
unique (o, t) : A — A such that pa o (o,t) = 0 and (o,t)*qa = t.



1.2 Algebraic Signature of MLTT-75

The CwF for MLTT-75 is defined by an algebraic signature, indexing contexts
and types by universe levels to handle predicative universes. We present the core
components and type formers, adapted from [2].

def algebra : U; := %
— a semicategory of contexts and substitutions:
(Con: U)

(Sub: Con — Con — U)
(0: M (r|®@a : Con), Sub® A— Sub I' ® — Sub T A)
(O0—assoc: M (T'® A® : Con) (o: Sub T ®) (6: Sub © A)
(v: Sub A @), PathP (< >Sub ' @) (O TADdv (O TOAS o))
(OTOD (OOADV ) 0))
— identity morphisms as identity substitutions:
(id: T (T : Con), Sub I' T)
(id—left: T (@ A : Con) (& : Sub © A),
= (Sub ®A) § (0O OAA (id A) 3))
(id—right: T (@ A : Con) (& : Sub © A),
= (Sub®A) § (0COOASS (id 9)))
a terminal oject as empty context:

v |

e: Con)
e: T (I' : Con), Sub T e)
en: IT (I': Con) (6: Sub I' @), = (Sub I' @) (e T) &)

Ty: Con — U)
|T: M (A : Con), Ty A— Sub ' A = Ty T)
id|T: T (A: Con) (A: Ty A), (Ty A) (_|_|T AAA (id A)) A)
|[T: T (' A®: Con) (A : Ty ®) (o : Sub T A) (& : Sub A @),
=P (<>TyT) (| |[TTOA (OT A®S o))
_lI_I"ra(C[_ITA0AS) o))
a (covariant) presheaf on the category of elements as terms:
( : 1T (I' : Con), Ty ' = U)
(]It T (rA : Con) (A: Ty A) (B : Tm A A)
(0: Sub T A), Tm T (_| |T T A A 0))
(]id|': T (A : Con) (A : Ty A) (t: Tm A A),
PathP (<i> Tm A (]id|T A A @ i))
(] 1" AAA ¢t (id A)) t)
(10]t: T (I A @: Con) (A : Ty @) (t: Tm @ A)
(0 : Sub I"'' A) (& : Sub A @),
PathP (<i>Tm T (|0|T T A® Ao
(| JtTOALt (OT ADS
(1t Al I"aoAs) (_]|_|

~ o~ N~~~ o~

o
(



1.3 Core Components
The signature includes:
e Con : N — Set, contexts indexed by universe levels.
e Ty :N — Coni — Set, types in a context at level 1.
e Sub: Coni— Conj — Set, substitutions between contexts.
e Tm: (I':Coni) — TyjI' — Set, terms of a type in a context.
Structural operations include:
e Identity: id : SubT'T.
e Composition: o :Sub@®A — Subl'® — SubT A.
e Type substitution: [ ]:TyiA — Subl'A — TyiTl.
e Term substitution: [ ]:TmAA — SubT'A — TmT (Alo]).
Equations ensure categorical properties, e.g., ido ¢ = 0, 0 oid = 0, and
Alid] = A.
1.4 Context Extension
Contexts can be extended by types:
e Empty context: e : Con 0.
e Extension: > :(I':Coni) — Tyjl' = Con (1Uj).
e Weakening: p : Sub (I'> A)T.
e Zeroth de Bruijn index: q: Tm (I'> A) (Alp]).
Substitutions are extended by terms: (o,t) : SubT" (A > A), with equations
like p o (o, t) = 0.
1.5 Type Formers

MLTT-75 includes several type formers, formalized as follows:

1.6 TI-Types

Dependent function types are defined by:
e Formation: TT: (A : Tyil') - Tyj(IT'>A) - Ty (iuj)T.
e Introduction: lam : Tm (I'>A)B — TmT (TTAB).
e Elimination: app : TmT (TTAB) — Tm (I'> A) B.

Equations include B-reduction (app(lamt) = t) and mn-expansion
(lam (app t) = t).



1.7 X-Types
Dependent pair types:
e Formation: X : (A : Tyil') - Tyj(I'>A) —» Ty (iUj)T.
e Introduction: (u,v): TmT'A — TmT (Blid,u]) —» TmT (ZAB).

e Projections: fst : TmTl (XAB) — TmTA, snd : TmTl (£AB) —
TmT (B[id, fst t]).

Equations include fst (u,v) =u, snd (u,v) = v.

1.8 Universes

A hierarchy of universes:
e Formation: U: (i:N) —» Ty (i+1)T.
e Coding: ¢c: Tyil' = TmT (U1).
e Decoding: :TmT (Ui) — Tyirl.

Equations: cA = A, ca = a.

1.9 Booleans and Identity Types

e Booleans: Bool : Ty 0T, with true, false : TmT' Bool, and an eliminator if.
e Identity: Id : (A : Tyil') - TmTl'A — TmTl'A — Tyil, with refl :
TmT (Id Auu) and eliminator J.

1.10 Semantics via the Standard Model

The standard model interprets the CwF in a type theory like Agda, mapping
contexts to types, types to type families, and substitutions to functions. For
example:

e Coni = Seti.

o TyjI'=T — Setj.

e SublN'A=T— A.

e TmlIMIA =(y:T) — Avy.

Type formers are interpreted directly, e.g., TTAB = Ay.(x : Ay) —
B(v,x). This model ensures that all equations hold definitionally, simplifying
metatheoretic reasoning.



1.11 Applications

The CwF formulation enables concise proofs of metatheoretic properties like
canonicity (every closed Bool term is true or false) and parametricity (terms
respect type abstractions). These proofs leverage the initiality of the syntax,
allowing induction over the algebraic structure.

1.12 Conclusion

The Categories with Families framework provides a robust and elegant formali-
zation of MLTT-75, capturing its syntax and semantics as an initial model. By
structuring contexts, types, and terms categorically, CwFs facilitate rigorous
metatheoretic analysis, making them invaluable for type theory research and
implementation in proof assistants.
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