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Анотацiя

We propose a novel framework for Krein String Theory that unifies
M.G. Krein’s classical spectral theory of strings with the modern physics
of indefinite-metric Quantum Field Theory (QFT) and the mathematical
foundations of Modal Homotopy Type Theory (HoTT). In this setup,
classical strings with signed or irregular mass distributions are promoted
to quantum strings living on Krein spaces. Ghost fields and negative-
norm states are formalized synthetically using the cohesive flat modality
♭ to represent crisp ghost parity, while the generalized Born rule and
global observables are modeled via the sharp modality ♯ and monadic
descent. This framework offers a consistent, mathematically rigorous path
for higher-derivative gravity and ghost-inclusive string models without
violating unitarity in the physical sector.
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1 Introduction

Quantum gravity theories that modify the Einstein-Hilbert action with higher-
derivative quadratic terms, such as Stelle gravity [4], are power-counting
renormalizable. However, they traditionally suffer from the presence of massive
spin-2 ghosts—states with negative norm that lead to violations of unitarity and
classical runaway instabilities.

Recently, Neil Turok and Sam Bateman [3] proposed a minimalist quantum
gravity program that embraces rather than eliminates these negative-norm
states. By modeling the state space as a Krein space, the unphysical ghost
modes are used to regulate ultraviolet (UV) divergences, while a generalized
Born rule ensures positive probabilities and unitarity in the infrared (IR) limit.

To formalize these structures rigorously, we use Modal Homotopy Type
Theory (modal HoTT) within the Anders proof assistant framework [1]. Modal
type theory permits synthetic reasoning about cohesive and discrete structures.
Here:

• The flat modality ♭ is used to formalize discrete, crisp ghost parity data.

• The sharp modality ♯ is used to define global invariants such as the Krein
trace and generalized probabilities.

• Monadic descent via the ♯-counit recovers the physical probabilities.

This paper bridges this modern type-theoretic quantum setup with classical
Krein string spectral theory. By generalizing Krein strings to allow signed mass
measures, we lay the mathematical foundation for a unified Krein String Theory.

2 Classical Krein String Theory

Historically, M.G. Krein studied the small transverse vibrations of a string of
length l ∈ (0,∞] with a mass distribution described by a non-decreasing, right-
continuous function M(x) representing a mass measure dM(x) on [0, l] [5].

2.1 Governing Sturm-Liouville Operator
Under a constant tension T = 1 and in the absence of external forces, the
displacement y(x, t) of the string satisfies the wave equation:

∂2y

∂x2
=
∂2y

∂t2
dM

dx
(1)

Looking for harmonic solutions y(x, t) = f(x)ei
√
zt leads to the singular Sturm-

Liouville-type eigenvalue problem:

−f ′′(x) = zf(x)
dM

dx
(2)
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Formally, we define the Stieltjes differential operator:

τf = −
d

dM

(
df

dx

)
= zf (3)

where the derivative is taken with respect to the mass distribution M(x).

2.2 Weyl m-Function and Spectral Measure
Let ϕ(x, z) and ψ(x, z) be the fundamental system of solutions to τf = zf
satisfying the boundary conditions:

ϕ(0, z) = 0, ϕ ′(0, z) = 1; ψ(0, z) = 1, ψ ′(0, z) = 0 (4)

The Weyl m-function m(z) is defined as the limit:

m(z) = lim
x→l

ψ(x, z)

ϕ(x, z)
(5)

The function m(z) is a Stieltjes function (a subclass of Herglotz-Nevanlinna
functions), meaning it is analytic in the upper half-plane C+, maps C+ to itself,
and has the integral representation:

m(z) = c+

∫∞
0

dσ(t)

t− z
(6)

where c ≥ 0 is a constant, and σ(t) is the spectral measure of the string.

2.3 Krein’s Correspondence
Krein’s correspondence establishes a bijection between:

1. The class of Krein strings (l,M) with regular or singular endpoints.

2. The class of Stieltjes functions m(z).

This bijection solves the inverse spectral problem: given the spectral
measure σ(t), one can reconstruct the mass distribution M(x) uniquely. This
correspondence allows representing smooth, discrete (Stieltjes strings with point
masses), or fractal (e.g., Cantor-like) mass densities in a unified mathematical
framework.

3 Indefinite-Metric Quantum Field Theory

3.1 Foundations of Krein Spaces
In standard QFT, state spaces are positive-definite Hilbert spaces. In higher-
derivative theories, the state space K is naturally a Krein space—an indefinite
inner product space.
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Definition 1 (Krein Space). A Krein space is a complex vector space K equi-
pped with a non-degenerate, indefinite Hermitian form ⟨·|·⟩K that admits a
fundamental decomposition:

K = K+ ⊕K− (7)

where K+ and K− are positive-definite and negative-definite subspaces, respecti-
vely, and are orthogonal with respect to ⟨·|·⟩K.

3.1.1 Fundamental Symmetry J

The projectors P+ and P− onto the respective sectors define the fundamental
symmetry operator:

J = P+ − P− (8)

which is a self-adjoint involution satisfying:

J2 = I, J† = J (9)

Using J, we define a positive-definite Hilbert space inner product on K via:

(x, y)H = ⟨x|Jy⟩K (10)

which induces a complete Hilbert norm on the space.

3.2 Operator Classification and Ghost Parity Z2
Linear operators O : A → A (represented as endomorphisms Endo(A)) are
classified according to how they interact with the ghost parity grading:

• Physical Operators (Parity-Preserving): These operators map states in
the positive/negative sector back to the same sector. Formally:

isPhysicalOp(A, gp,O) := Π(a : A),Path(♭2, gp(O(a)), gp(a)) (11)

• Ghost Operators (Parity-Flipping): These operators map physical states
to ghost states and vice versa. Formally:

isGhostOp(A, gp,O) := Π(a : A),Path(♭2, gp(O(a)), flipFlat(gp(a)))
(12)

where flipFlat swaps FlatUnit(12) and FlatUnit(02).

This classification defines a Z2-graded operator algebra. Physical observables
must correspond to physical (parity-preserving) operators.
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3.3 Ostrogradsky Instability and CPT Reinterpretation
Ostrogradsky’s theorem states that non-degenerate Lagrangians with higher
time derivatives lead to a Hamiltonian that is unbounded from below, causing
classical runaway instabilities.

In the Krein space framework, we map these negative-energy runaway modes
to the negative-norm ghost sector. In a dynamical, expanding cosmological
background, this instability is reinterpreted:

• Rather than causing a catastrophic decay of the vacuum, the negative
energy modes drive the accelerated expansion of the universe (acting as
dark energy).

• The universe is stable globally when integrated into a CPT-symmetric
cosmology, where the Big Bang is a mirror boundary relating our universe
to an anti-universe via a CPT involution τ : S→ S.

In the type-theoretic formulation, this reinterpretation corresponds to a global
invariant path in ♯1 (a global ♯-fact).

4 Modal Homotopy Type Theory Formalization

4.1 Ghost Parity via Flat Modality ♭

In cohesive homotopy type theory, spaces possess both cohesive (conti-
nuous/geometric) and discrete (algebraic/crisp) aspects. The flat modality ♭
discards the cohesive structure, mapping a type A to its underlying discrete
type ♭A.

We formalize ghost parity as a crisp, discrete property. We define the type
of parity tags as the boolean type:

2 = {02, 12} (13)

where 12 represents the positive (physical) parity and 02 represents the negative
(ghost) parity. The ghost parity operator is represented as a function:

gp : A→ ♭2 (14)

Applying the flat modality ensures that the parity assignment is a rigid, discrete
choice, preventing unphysical continuous interpolations between physical and
ghost sectors.

4.2 Fundamental Symmetry and Krein Space Structure
In our formal type theory, a Krein space is represented as a tuple
(A, gp, J, invol, grades, graded), where:

• A : U is the carrier type representing the vectors.
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• gp : A→ ♭2 is the ghost parity assignment.

• J : A→ A is the fundamental symmetry involution.

• invol : Π(a : A),Path(A, J(J(a)), a) proves that J is an involution.

• grades : Π(a : A),Path(♭2, gp(J(a)), gp(a)) proves that J preserves the
grading.

• graded : isGradedCarrier(A, gp) proves that every vector in A can be
decidably assigned to either the positive or negative sector.

The positive and negative sectors are formalized as Σ-types:

PosSector(A, gp) := Σ(a : A),Path(♭2, gp(a),FlatUnit(12)) (15)
NegSector(A, gp) := Σ(a : A),Path(♭2, gp(a),FlatUnit(02)) (16)

4.3 Krein Trace via Sharp Modality ♯

The sharp modality ♯ is the right adjoint to the flat modality ♭. The type ♯B
represents codiscrete or globally invariant structures.

In a Krein space, the standard trace is replaced by the Krein trace:

TrK(O) := TrH(J ◦O) (17)

In the type-theoretic formalization, the Krein trace is modeled as landing in the
sharp unit type:

KreinTrace : K→ Endo(A) → ♯1 (18)

The trace represents a global topological invariant, stable under continuous
variations of the state description. We verify the normalization property:

TrK(J ◦O) = TrK(O) (19)

which is formalized as a path in ♯1.

4.4 Density Operators and Generalized Born Rule
Density operators ρ represent physical states. In this framework, they are defined
as physical (parity-even) endomorphisms:

DensityOp(K) := Σ(ρ : Endo(A)), isPhysicalOp(A, gp, ρ) (20)

4.4.1 Generalized Born Rule

To compute physical transition probabilities in an indefinite metric space, we
employ the Turok-Bateman trace construction:

P = TrK(ρin ◦O ◦ ρout) (21)

This expression evaluates to a term in ♯1.
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4.4.2 Monadic Descent

To transition from the global, codiscrete level to actual probabilities in the unit
type 1, we use monadic descent. This is achieved by applying the ♯-counit:

born-descent(K, ρin, ρout, O) := ♯-counit(TrK(ρin ◦O ◦ ρout)) : 1 (22)

Because the density operators and observables are parity-preserving, the
negative-norm ghost states contribute to loop corrections in the UV but cancel
in physical probabilities, ensuring unitarity and positive probabilities.

4.5 Fundamental Decomposition and Ghost Sector
Decoupling

The decoupling of unphysical ghost states is crucial for the physical consistency
of the theory.

4.5.1 Decomposition Theorem

Using the ‘graded‘ accessor of the Krein space, we prove that every vector a ∈ A
can be split into physical and ghost components:

krein-decomposition : Π(a : A),PosSector(A, gp) + NegSector(A, gp) (23)

which is formalized in type theory via sum-type induction.

4.5.2 Ghost Decoupling Theorem

If an operator O is physical (parity-preserving) and we start with a state s in the
positive (physical) sector, the evolved state O(s) remains strictly in the positive
sector:

ghost-decoupling : Π(s : PosSector(A, gp)),Path(♭2, gp(O(s.1)),FlatUnit(12))
(24)

This proves that the physical sector is a retract under physical evolution, and
ghosts cannot be physically generated from pure physical states.

4.6 Physical Observables and Infrared Limit
An observable is defined as a tuple of an operator and a proof that it preserves
the ghost parity grading:

Observable(K) := Σ(O : Endo(A)), isPhysicalOp(A, gp,O) (25)

At low energies—the Infrared (IR) limit—the massive ghost modes decouple
completely. Mathematically, this corresponds to the IR reduction:

IR-reduction : K→ IRLimit(K) (26)

where the quotient of the Krein space by the ghost sector via ♯-descent recovers
the standard positive-definite Hilbert space QFT.
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5 Conclusion

By generalizing classical Krein strings (l,M) to allow signed mass measures
dM(x), we introduce a classical precursor to Krein String Theory. The negative-
density regions of the string correspond to ghost modes, and the resulting Sturm-
Liouville operator becomes a self-adjoint operator on a Krein space.

This correspondence offers:

• A non-perturbative formulation of string worldsheets with indefinite metri-
cs.

• Power-counting renormalizability for quadratic quantum gravity without
introducing supersymmetry or extra dimensions.

• Formal type-theoretic verification of gauge and ghost sector decoupling.

Future work will focus on integrating these modal type theory constructions
with Algebraic Quantum Field Theory (AQFT) to study local nets of Krein
algebras.
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