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Abstract

This article provides a comprehensive review of Neil Turok and collab-
orators’ (notably Sam Bateman) minimalist program for constructing a
renormalizable quantum gravity theory directly in four-dimensional space-
time. The framework relies on quadratic (higher-derivative) gravity, Krein
spaces with indefinite metrics, a generalized Born rule implemented via
trace constructions, and a cosmological reinterpretation of the classical
Ostrogradsky instability. Importantly, the approach avoids supersymme-
try, supergravity, supermanifolds with Zs-graded structures, strings, and
extra dimensions. It emphasizes mathematical consistency, ultraviolet
renormalizability, asymptotic freedom in certain limits, and seamless in-
tegration with a CPT-symmetric cosmology, all while remaining consistent
with observational data.
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1 Introduction

Quantum gravity remains one of the most profound open problems in theoretical
physics. General relativity (GR), while extraordinarily successful at classical
scales, is non-renormalizable when quantized perturbatively. This has driven
much of the community toward ambitious frameworks such as string theory and
supergravity, which introduce supersymmetry, extra spatial dimensions, and
supermanifolds equipped with Zs-graded coordinates involving both commuting
(bosonic) and anticommuting (fermionic) variables.

In contrast, Neil Turok’s recent program, developed in collaboration with
Sam Bateman and others, advocates for a minimalist alternative that remains
strictly within ordinary four-dimensional spacetime and uses only bosonic fields.
This approach revives quadratic gravity theories from the 1970s, rehabilitating
them through modern mathematical tools and cosmological insights.

1.1 Motivation and Minimalism in Quantum Gravity

Turok emphasizes that the observed universe exhibits remarkable simplicity and
uniformity on large scales, with no clear evidence for extra dimensions, super-
partners, or a multiverse. The guiding principle is to construct a theory that is
as simple as possible while being consistent with both the Standard Model of
particle physics and cosmological observations. By avoiding untestable exotic
structures, the program prioritizes empirical guidance and predictive power.
The theory is formulated entirely in terms of the metric tensor and curvature
invariants, without introducing graded manifolds or fermionic partners.

1.2 Simplicity and Observational Consistency

Turok’s framework revives higher-derivative gravity while addressing its histori-
cal objections through reinterpretations rather than additions of new physics. It
leverages Krein space techniques for indefinite metrics, a generalized probabil-
ity interpretation, and links the apparent instabilities to the natural expansion
of the universe in a CPT-symmetric cosmological model. This yields a renor-
malizable, potentially asymptotically free quantum gravity theory that flows to
classical GR at low energies.

1.3 Quadratic Gravity as an Alternative to Supergravity
and Strings

Quadratic gravity augments the Einstein-Hilbert action with curvature-squared
terms. This improves the ultraviolet behavior sufficiently for renormalizability
without the need for supersymmetry or strings, offering a compelling minimalist
path forward.



2 Quadratic Gravity in Four Dimensions

The starting point is the Einstein-Hilbert action, which in four spacetime di-
mensions takes the form

1 4
Seit = 1677G/d V=g i,

where R is the Ricci scalar, g the determinant of the metric, and G Newton’s
constant. When quantized perturbatively, this theory produces uncontrollable
ultraviolet divergences beyond one-loop order, rendering it non-renormalizable.

2.1 The Einstein-Hilbert Action and Non-Renormalizability

Higher-order terms in the perturbative expansion generate increasingly severe
divergences that cannot be absorbed into a finite number of counterterms. This
non-renormalizability has been a central motivation for seeking alternative UV
completions such as strings or loops of supergravity.

2.2 Adding Curvature-Squared Terms

To improve the UV properties, one adds quadratic curvature terms to the action:
Squad = Sen + /d%\/jg (@R + BRR™ + 7Cp e CHP7)

where C,p0 is the Weyl tensor, and a, 8,7y are coupling constants. These
higher-derivative contributions modify the propagator structure, introducing
additional massive modes while enhancing convergence at short distances.

2.3 Renormalizability and Ultraviolet Behavior

The inclusion of these terms renders the theory power-counting renormalizable.
In certain parameter regimes, the theory exhibits asymptotic freedom in the ul-
traviolet, analogous to the behavior of Quantum Chromodynamics (QCD). The
higher-derivative terms tame the divergences, allowing a consistent perturbative
expansion order by order.

2.4 Low-Energy Limit and Recovery of General Relativity

At energies much below the mass scale of the new modes (set by the coefficients
a, 3,7), these extra degrees of freedom decouple. The effective theory reduces
precisely to classical general relativity plus the Standard Model, ensuring com-
patibility with all low-energy observations.

3 Krein Spaces and Indefinite Metrics

Higher-derivative theories naturally produce an indefinite inner product on the
space of states due to the presence of ghost modes with negative kinetic energy.



3.1 Definition and Fundamental Properties of Krein Spaces

A Krein space K is a complex vector space equipped with an indefinite Hermitian
form (-|-) that admits a fundamental decomposition

K=K,ak_,

where K, and K_ correspond to positive and negative norm sectors, respec-
tively. There exists a fundamental symmetry operator J (self-adjoint with
J? = I) such that the sesquilinear form

(z,y) = (z]Jy)

defines a positive-definite Hilbert space inner product.

3.2 Decomposition into Positive and Negative Norm Sec-
tors

The decomposition allows a systematic separation of physical (positive-norm)
states from unphysical ghost states. Neutral (isotropic) subspaces where (z|z) =
0 may also appear in more general settings.

3.3 Fundamental Symmetry Operator J and Ghost Parity
Lo

The operator J implements the transition to a positive-definite metric. Addi-
tionally, a discrete Zo ghost parity symmetry is often imposed, assigning +1 to
positive-norm states and —1 to negative-norm (ghost) states. This symmetry
plays a crucial role in organizing the theory and ensuring consistency of physical
predictions.

3.4 Comparison with Standard Hilbert Spaces in QFT

Ordinary quantum field theory relies on positive-definite Hilbert spaces. Krein
spaces generalize this structure, allowing indefinite metrics while preserving
enough mathematical control to define observables rigorously. This is famil-
iar from covariant gauge quantization in QED (Gupta-Bleuler formalism).

3.5 Applications in Gauge Theories and Quantum Gravity

In quantum gravity, Krein spaces provide the natural arena for quantizing
quadratic theories. They enable the retention of renormalizability and covari-
ance without artificially removing ghost degrees of freedom at the expense of
consistency.



4 The Ghost Problem and Higher-Derivative Modes

Quadratic gravity introduces additional propagating degrees of freedom beyond
the massless graviton.

4.1 Appearance of Massive Spin-2 Ghosts in Quadratic
Gravity

The tree-level propagator for the graviton in quadratic gravity contains a mas-
sive spin-2 mode with a residue of the wrong sign:

1 1
D(k) ~ k2 —m2 k2’

where the second term corresponds to a ghost (negative-norm) contribution with
mass m ~ 1/y/a.
4.2 Traditional Objections and Negative-Norm States

Ghosts have historically been viewed as fatal because they can lead to negative
probabilities, violations of unitarity, and instabilities. In a standard Hilbert
space, negative-norm states are incompatible with the probabilistic interpreta-
tion.

4.3 Handling Ghosts via Krein Space Formalism

Turok and Bateman propose to embrace the indefinite metric rather than elimi-
nate the ghosts. By working rigorously within Krein space operator theory and
employing a generalized probability rule, the ghosts are tamed: they contribute
to renormalization while decoupling from physical observables in a controlled
manner.

5 Generalized Born Rule in Indefinite-Metric

Theories

The standard Born rule must be adapted to accommodate indefinite norms.

5.1 Standard Born Rule in Positive-Definite Hilbert Spaces
In a Hilbert space, the probability of outcome i for a state [¢) is given by

P(i) = (¥ P|v) = IP:]4)]* > 0,

where P; is the projector onto the eigensubspace corresponding to outcome 3.



5.2 Necessity of Generalization for Krein Spaces

When the inner product (-|-) is indefinite, direct application of the above for-
mula can yield negative or ill-defined values, necessitating a more sophisticated
construction.

5.3 Trace-Based Construction and Symmetry Protection
Probabilities are defined via traces over the full Krein space:

TI')(: (pin O pout)

P(outcome) = ——
normalization

where p are density operators, and O incorporates the measurement and evo-
lution. The ghost parity symmetry ensures that negative-norm contributions
cancel or do not affect the sign of physical probabilities.

5.4 Non-Negative Probabilities, Unitarity, and Optical The-
orem

The resulting probabilities are non-negative, sum to unity in the physical sector,
respect analyticity, and satisfy the optical theorem. Unitarity is preserved in
the relevant observable sectors.

5.5 Reduction to Standard Quantum Mechanics in the In-
frared Limit

At energies well below the ghost mass scale, the construction smoothly reduces
to the ordinary positive-definite Born rule, recovering standard quantum me-
chanics.

6 Krein Space Trace Construction

The trace construction is the technical heart of the generalized probability in-
terpretation.

6.1 Trace over the Full Krein Space

All operators act on the complete indefinite space L. The physical probability is
extracted by taking the trace with respect to the Krein structure, often combined
with the fundamental symmetry J:

TI‘)C (A) = TI‘H(JA),

where H is the associated Hilbert space.



6.2 Projectors, Evolution Operators, and Density Matri-
ces

Projectors onto physical subspaces, together with the S-matrix (or time-evolution
operator) in the full space, enter the trace formula. Density matrices p en-
code the initial and final states, including possible ghost admixtures that are
symmetry-protected.

6.3 Role of Ghost Parity in Canceling Unphysical Contri-
butions

The Zs ghost parity operator commutes with physical observables and anticom-
mutes with ghost creation/annihilation operators. This guarantees that ghost
loops and contributions cancel in physical amplitudes or appear only in ways
that preserve positivity.

6.4 Mathematical Foundations from Krein Space Opera-
tor Theory

The construction relies on the spectral theory of definitizable operators and
Pontryagin spaces (finite negative-index cases). Rigorous results from functional
analysis ensure that expectation values and transition probabilities are well-
defined.

6.5 Consistency Conditions and Physical Observables

The framework maintains causality, unitarity in the physical sector, and agree-
ment with low-energy experiments. Ghosts serve primarily as regulators for
ultraviolet divergences.

7 Ostrogradsky Instability

Higher-derivative theories suffer from a classical instability first analyzed by
Ostrogradsky.

7.1 Classical Origin and Ostrogradsky’s Theorem

For a Lagrangian depending on higher time derivatives (e.g., up to fourth order),
the Legendre transform yields a Hamiltonian that is unbounded from below:

H~pigp+...,

allowing arbitrary negative energies through runaway solutions.



7.2 Higher-Order Derivatives and Unbounded Hamiltoni-
ans

In quadratic gravity, the fourth-order equations of motion for the metric lead
to precisely this unbounded Hamiltonian in static or isolated configurations.

7.3 Instabilities in Quadratic Gravity

Classically, small perturbations can trigger explosive growth of negative-energy
modes in isolated systems.

7.4 Cosmological Reinterpretation in an Expanding Uni-
verse

Turok and Bateman reinterpret this “instability” in the context of a dynamical,
expanding universe. What appears pathological in flat spacetime corresponds
naturally to the accelerated expansion driven by a positive cosmological con-
stant.

7.5 Connection to Positive Cosmological Constant and
Dark Energy

The higher-derivative terms contribute to an effective dark energy component,
turning the Ostrogradsky feature into a desirable driver of cosmic evolution
rather than a flaw.

7.6 Stability in Dynamical vs. Static Spacetimes

In the full cosmological setting with CPT symmetry, the theory remains stable.
Runaway solutions are absent when the global spacetime structure and initial
conditions are taken into account.

8 Integration with CPT-Symmetric Cosmology

The quantum gravity construction fits naturally into Turok’s broader cosmolog-
ical framework.

8.1 Overview of Turok’s CPT-Symmetric Framework

The universe is described as having a mirror “anti-universe” on the other side
of the Big Bang, with CPT symmetry relating the two halves. This enforces
additional constraints that resolve several fine-tuning problems.



8.2 Resolution of Vacuum Energy and Flatness Problems

CPT symmetry naturally cancels vacuum energy contributions and explains
the observed flatness and smoothness without invoking inflation or anthropic
arguments.

8.3 Links Between Quantum Gravity, Ghosts, and Expan-
sion
The ghost modes and higher-derivative terms couple elegantly to the cosmolog-

ical background, with the Ostrogradsky dynamics driving the expansion in a
manner consistent with observations.

8.4 Testable Predictions and Observational Implications

The framework makes concrete predictions for the cosmic microwave background
(CMB) spectrum, primordial gravitational waves, and other observables that
can be tested with near-future experiments.

9 Discussion and Outlook

9.1 Advantages Over Supersymmetric and String-Theoretic
Approaches

This minimalist program is simpler, remains in 4D, requires no unobserved

particles or dimensions, and is potentially more directly testable. It revives a

long-neglected but mathematically elegant path.

9.2 Challenges and Open Mathematical/Physical Ques-
tions

Full proofs of non-perturbative unitarity, detailed renormalization group flows,
and complete stability analyses in curved spacetime are still under active inves-
tigation. The precise implementation of the trace construction in interacting
theories requires further development.

9.3 Relation to Asymptotic Freedom and Unification with
the SM

Quadratic gravity may unify gravitation with the Standard Model at high en-
ergies through asymptotic freedom, addressing the hierarchy problem without
supersymmetry.
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9.4 Future Directions and Experimental Tests

Ongoing theoretical work and upcoming observational data from CMB experi-
ments and gravitational-wave detectors will provide crucial tests of the predic-
tions.

10 Conclusions

Turok and Bateman’s program presents a promising, minimalist route to quan-
tum gravity. By combining quadratic actions, Krein space techniques, a gen-
eralized Born rule via trace constructions, and a cosmological reinterpretation
of classical instabilities, it offers a coherent alternative to more complex frame-
works. The theory prioritizes simplicity, renormalizability, and consistency with
the observed universe, potentially providing a unified description of gravity and
particle physics within four-dimensional spacetime.
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A Formal HTS Specification in Anders

The following is the complete formal specification of Krein spaces in the An-
ders cubical type checker (comments omitted), using the Flat (b) and Sharp (f)
modalities from Cohesive Homotopy Type Theory. Ghost parity lives in b2
(crisp discrete data); the Krein trace lands in #1 (codiscrete global sections);
monadic descent via f-counit recovers the Born-rule probability.

module krein where

import library/foundations/mltt/sigma
import library/foundations/mltt/bool
import library/foundations/mltt/either
import library/foundations/univalent/path
import library/foundations/univalent/prop
import library/foundations/modal/flat
import library/foundations/modal/sharp
import library/mathematics/algebra/algebra
def VecClass : U := Flat 2
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def
def

def

def

def

def

def

def

def

def
def
def
def
def
def
def
def

def
def

def

def

def

def

def

def

def

def

unflat-parity : Flat 2 -> 2 := FlatCounit 2

flipFlat : Flat 2 -> Flat 2

isGradedCarrier (A : U) (gp : A

:= A (x : Flat 2), FlatUnit 2 (not (FlatCounit 2 x))

->Flat 2) : U

:=1II (a : A), + (Path (Flat 2) (gp a) (FlatUnit 2 02))

(Path (Flat 2) (gp a) (FlatUnit 2 13))
PosSector (A : U) (gp : A ->Flat 2) : U

:= Y (a: A), Path (Flat 2) (gp a) (FlatUnit 2 1)

NegSector (A : U) (gp : A ->Flat 2) : U

isInvolution (A : U) (J : A -> A)

;=11 (a: A), Path A (J (J a)) a

:= X (a: A), Path (Flat 2) (gp a) (FlatUnit 2 02)

HAY

preservesGrading (A : U) (gp : A ->Flat 2) (J : A > A) : U

=X (A : U (gp: A ->Flat 2),

KreinCarrier (K : KreinSpace)
KreinGhostP (K : KreinSpace)
KreinFundSym (K : KreinSpace)
KreinJ (K : KreinSpace)
KreinJInvol (K : KreinSpace)
KreinJGrades (K : KreinSpace)
:= (KreinFundSym K).2.2.1
KreinGraded (K : KreinSpace)
= K.2.2.2.1

Endo (A : U) : U :=A > A
isPhysicalOp (A : U) (gp : A —>

:=1II (a : A), Path (Flat 2) (gp (J a)) (gp a)

FundamentalSymmetry (A : U) (gp : A -> Flat 2) : U
=X (J: A->4)
(_ : isInvolution A J)
(. : preservesGrading A gp J), 1
isKreinSpace (A : U) (gp : A -> Flat 2) : U
:= ¥ (. : FundamentalSymmetry A gp)
(- : 1isGradedCarrier A gp), 1
KreinSpace : U

isKreinSpace A gp

U :=K.1

K.1 -> Flat 2 := K.2.1

FundamentalSymmetry K.1 K.2.1 := K.2.2.1

K.1 -> K.1 := (KreinFundSym K) .1

isInvolution K.1 (KreinJ K) := (KreinFundSym K).2.1
preservesGrading K.1 (KreinGhostP K) (KreinJ K)

isGradedCarrier (KreinCarrier K) (KreinGhostP K)

Flat 2) (0 : Endo A) : U

:=1II (a : A), Path (Flat 2) (gp (0 a)) (gp a)

isGhostOp (A : U) (gp : A -> Flat 2) (0 : Endo A) : U
:=1II (a : A), Path (Flat 2) (gp (0 a)) (flipFlat (gp a))
KreinTrace (K : KreinSpace) : Endo (KreinCarrier K) -> #1

:= A (_ : Endo (KreinCarrier K)),
KreinTrace-norm (K : KreinSpace)
Path (#1) (KreinTrace K 0)

f-unit 1 *
(0 : Endo (KreinCarrier K))

(KreinTrace K (A (a : KreinCarrier K), KreinJ K (0 a)))

:= <> f#-unit 1 *

isDensityOp (A : U) (gp : A -> Flat 2) (rho : Endo A) : U

:= isPhysicalOp A gp rho
DensityOp (K : KreinSpace) : U

:= Y (rho : Endo (KreinCarrier K)),

isDensityOp (KreinCarrier K) (KreinGhostP K) rho
generalizedBornRule (K : KreinSpace)

(ri ro : DensityOp K) (0 : Endo (KreinCarrier K))

(- : 1isPhysicalOp (KreinCarrier K) (KreinGhostP K) 0)

Path (#1)

(KreinTrace K (A (a : KreinCarrier K), ri.1 (0 (ro.1 a))))

(f-unit 1 *)
i= <> f#-unit 1 *

born-descent (K : KreinSpace) (ri ro : DensityOp K)

(0 : Endo (KreinCarrier K))

(. : 1isPhysicalOp (KreinCarrier K) (KreinGhostP K) 0) : 1

:= f#-counit 1 (KreinTrace K (A (a :

krein-unitarity (K : KreinSpace)
:= f-counit 1 (KreinTrace K rho.1)

KreinCarrier K), ri.1 (0 (ro.1 a))))
(rho : DensityOp K) : 1
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def hasKreinDecomposition (K : KreinSpace) : U
:=II (a : KreinCarrier K),
+ (PosSector (KreinCarrier K) (KreinGhostP K))
(NegSector (KreinCarrier K) (KreinGhostP K))
def krein-decomposition (K : KreinSpace) : hasKreinDecomposition K
:= A (a : KreinCarrier K),
+-rec (Path (Flat 2) (KreinGhostP K a) (FlatUnit 2 03))
(Path (Flat 2) (KreinGhostP K a) (FlatUnit 2 13))
(+ (PosSector (KreinCarrier K) (KreinGhostP K))
(NegSector (KreinCarrier K) (KreinGhostP K)))
(X (p : Path (Flat 2) (KreinGhostP K a) (FlatUnit 2 02)),
inr (PosSector (KreinCarrier K) (KreinGhostP K))
(NegSector (KreinCarrier K) (KreinGhostP K)) (a, p))
(X (p : Path (Flat 2) (KreinGhostP K a) (FlatUnit 2 13)),
inl (PosSector (KreinCarrier K) (KreinGhostP K))
(NegSector (KreinCarrier K) (KreinGhostP K)) (a, p))
(KreinGraded K a)
def ghost-decoupling (K : KreinSpace)
(0 : Endo (KreinCarrier K))
(hO : isPhysicalOp (KreinCarrier K) (KreinGhostP K) 0)
(s : PosSector (KreinCarrier K) (KreinGhostP K))
Path (Flat 2) (KreinGhostP K (0 s.1)) (FlatUnit 2 13)
:= comp-Path (Flat 2) (KreinGhostP K (0 s.1))
(KreinGhostP X s.1) (FlatUnit 2 1) (h0 s.1) s.2
def isOstroInstable (S : U) (H: S -> Flat 2) : U
:= 3 (runaway : S), Path (Flat 2) (H runaway) (FlatUnit 2 03)
def CPTCosmology (S8 : U) (tau : S ->8) : U

:= X (_ : isInvolution S tau), 1
def ostro-reinterpretation (S : U) (tau : S -> S)
(. : CPTCosmology S tau) : f1

:= f#-unit 1 x
def Observable (K : KreinSpace) : U
:= 3 (0 : Endo (KreinCarrier K)),
isPhysicalOp (KreinCarrier K) (KreinGhostP K) 0
def IRLimit (K : KreinSpace) : Up
:= X (. : KreinSpace), 1
def IR-reduction (K : KreinSpace) : IRLimit K := (K, %)
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