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AmnoTaiiis

We introduce locally cartesian closed categories (LCCCs), a class of
categories where each slice category is cartesian closed. Definitions of
categories, slice categories, and cartesian closed categories are provided,
followed by the formal definition of LCCCs. We discuss their significance
in categorical logic and dependent type theory, including a theorem on
their correspondence to type theories with dependent products
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1 Locally Cartesian Closed Categories

1.1 Definitions

Locally cartesian closed categories (LCCCs) are categories where each slice
category C/x is cartesian closed, meaning it has products, exponentials, and a
terminal object. LCCCs are fundamental in categorical logic, providing models
for dependent type theories with dependent products. This article defines the
necessary structures, presents key properties, and highlights their role in type
theory, with references from the nLab.

Definition 1 (Cartesian Closed Category). A cartesian closed category (CCC)
is a category € equipped with:

e A terminal object 1 € ob(@), such that for every x € ob(€), there exists a
unique morphism !, : x — 1.



e For each pair A,;B € ob(€), a product A x B € ob(€) with projections
P1 : AXxB — A, p2: Ax B — B, and a universal property: for any
X € ob(€) with morphisms f : X — A, g : X — B, there exists a unique
(fyg) : X = A x B such that py o (f,g) =f and py o (f,g) = g.

e For each pair A,B € ob(@), an exponential object BA € ob(€) with an
evaluation morphism ev : BA x A — B, and a universal property: for any
X € ob(€) with f: X x A — B, there exists a unique Af : X — B? such
that evo (Af x ida) = f.

Remark 1. A CCC has finite products (via the terminal object and binary
products) and internal homs (via exponentials), making it a model for simply
typed lambda calculus.

Definition 2 (Locally Cartesian Closed Category). A category C is locally
cartesian closed if, for every object x € ob(€), the slice category €/x is cartesian
closed, i.e., €/x has a terminal object, binary products, and exponential objects.

1.2 Theorems

Theorem 1 (LCCCs and Dependent Type Theory). (Seely, [3]) A locally
cartesian closed category C provides a categorical model for a dependent type
theory with dependent products. Conversely, any dependent type theory with
dependent sums and products can be interpreted in an LCCC.

Sketch. In an LCCC €, the slice category €/x models the context of types over a
base type x. The terminal object in €/x corresponds to the trivial type, products
in C/x correspond to dependent pairs, and exponentials model dependent functi-
on types. The pullback functor along morphisms f :y — x in € corresponds to
substitution in type theory. The universal properties of products and exponenti-
als in each C/x ensure the rules of dependent products are satisfied. Conversely,
a type theory with dependent sums and products constructs an LCCC via its
syntactic category, where contexts are objects and terms are morphisms. O



1.3 Examples

1. The category Set of sets is locally cartesian closed. For any set X, the
slice category Set/X is equivalent to the category of X-indexed families of
sets, which has products, exponentials, and a terminal object (the identity
family).

2. The category Top of topological spaces is not locally cartesian closed, as
not all slice categories Top/X are cartesian closed (e.g., exponentials may
not exist for arbitrary spaces).

3. The category of presheaves Sgteop on a small category C is locally cartesi-
an closed, as each slice Set® /F is equivalent to a presheaf category over
a comma category, which is cartesian closed.

1.4 Conclusion

Locally cartesian closed categories bridge category theory and dependent type
theory, providing a semantic framework for modeling complex type systems.
Their slice categories’ cartesian closed structure supports dependent products,
making them a powerful tool in categorical logic. Theorem [I] underscores their
significance, and examples like Set illustrate their applicability.
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