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Amnoraiiis

We present the formal definitions of monoidal, braided, and
symmetric monoidal categories, emphasizing their coherence conditions.
Key theorems, including Mac Lane’s coherence theorem for monoidal
categories and the coherence theorem for symmetric monoidal categori-
es, are discussed. The exposition is grounded in category theory, with
diagrams illustrating the triangle, pentagon, and hexagon identities.
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1 Symmetric Monoidal Categories
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Monoidal categories provide a framework for studying algebraic structures wi-
th a tensor product, such as vector spaces or abelian groups. Braided and
symmetric monoidal categories introduce commutativity via a braiding or
symmetry, with applications in topology, quantum algebra, and theoretical
physics. This article defines these structures and their coherence conditions,
culminating in coherence theorems that ensure the consistency of associativity,
unit, and braiding operations. We follow the categorical formalism pioneered by

Saunders Mac Lane and Max Kelly.

Definition 1 (Monoidal Category). A monoidal category is a category C equi-

pped with:
e A functor ® : € x € — €, called the tensor product.

e An object I € ob(€), called the unit object.



e Natural isomorphisms:
Ac :I®x — x  (left unitor),

Px :x® 1 — x (right unitor),
Oxy,z: (X®Y)®z—=x®(y®z) (associator),

satisfying the following coherence conditions:

e Triangle identity: For all x,y € ob(C),

Oy Ty O Px ®idy =idx @Ay : (x @) @Y = x @Y.
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e Pentagon identity: For all x,y,z, w € ob(€),

Ox,y,z@w O 0@y, z,w = (1dx®@ Xy 2 )00 y@z,wOxx,y,z®idw 1 (XQY)RZ)@W — XD (Y& (z&@W)).
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Theorem 1 (Coherence for Monoidal Categories). (Mac Lane, [I]) In a monoi-
dal category, every diagram composed of instances of «, A, p, their inverses,
identities, and tensor products, that has the same source and target, commutes.

Remark 1. The triangle and pentagon identities ensure that all ways of
rebracketing tensor products or removing units are consistent. Theorem [1| impli-
es that no additional coherence conditions are needed beyond those specified.



1.1 Definitions

Definition 2 (Braided Monoidal Category). A braided monoidal category is a
monoidal category (G, ®, I, &, A, p) equipped with a natural isomorphism

Bxy 1 X®Y = y®x (braiding),
satisfying the following hexagon identities:
e Hezagon 1: For all x,y,z € ob(C),
Ox,2,yOBx@y, 200 y,z = (Bx,z®idy)ocy - yo(idx®By 2) 1 (x®Y)@z — x@(zRY).
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e Hezxagon 2: For all x,y,z € ob(C),
“;‘L,yoﬁx,y@mo“;j = (idz®ﬁx,y)O“;L,yo(ﬁx,z@)idy) 1 x®(y®z) — (20%) QY.
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Definition 3 (Symmetric Monoidal Category). A symmetric monoidal category
is a braided monoidal category (€, ®, I, &, A, p, ) where the braiding satisfies the
symmetry condition:

By,x ©Bxy =ldxey : X @Y = x @Y,

for all x,y € ob(C).



1.2 Theorems

Theorem 2 (Coherence for Symmetric Monoidal Categories). (Joyal and
Street, [3]) In a symmetric monoidal category, every diagram composed of
instances of «, A, p, B, their inverses, identities, and tensor products, that has
the same source and target, commutes.

Remark 2. The symmetry condition y x © Bx,y = idxgy ensures that the
braiding is its own inverse up to isomorphism, distinguishing symmetric monoi-
dal categories from braided ones. Theorem [2] guarantees that all braiding and
associativity operations are coherent, extending Theorem

1.3 Examples

1. The category Set of sets, with cartesian product as the tensor product
and a singleton set as the unit, is a symmetric monoidal category. The
braiding Bx,y : X x Y = Y x X is given by (x,y) — (y,x).

2. The category Vecty of vector spaces over a field k, with the tensor product
of vector spaces and k as the unit, is symmetric monoidal. The braiding
swaps tensor factors: v w — w Qv.

3. The category Ab of abelian groups, with tensor product ®z and Z as the
unit, is symmetric monoidal.

1.4 Conclusion

Symmetric monoidal categories generalize algebraic structures with associati-
ve, unital, and commutative operations, with coherence theorems ensuring
consistency. These structures are foundational in category theory and have
applications in quantum mechanics, knot theory, and computer science. The
coherence theorems of Mac Lane and Joyal-Street provide a rigorous foundation
for reasoning about such categories.
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